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ABSTRACT 

Classical W-algebras in higher dimensions have been recently constructed. In this letter 
we show that there is a finitely generated subalgebra which is isomorphic to the algebra of 
local diffeomorphisms in D dimensions. Moreover, there is a tower of infinitely many fields 
transforming under this subalgebra as symmetric tensorial one-densities. We also unravel a 
structure isomorphic to the Schouten symmetric bracket, providing a natural generalization 
of Woo in higher dimensions. 
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Introduction 

The purpose of this letter is to give a simple account of D-dimensional classical W- 
algebras and their intimate connection with the algebras of local diffeomorphisms of a D- 
dimensional manifold. 

In general, classical one dimensional W-algebras are defined as nonlinear extensions of 
diff(S' 1 ) by tensors of integer weights. These algebras appear naturally in the context of two 
dimensional conformal field theory. They are obtained via the centerless c — > oo limit of the 
OPE's in theories enjoying W symmetry. The canonical example of such a system is provided 
by the 3-state Potts model and its W3-symmetry. The classical W3 algebra associated with 
it is explicitely given by 

{T(x) , T(y)} = -(Td + dT) x ■ 5(x - y) 
{W(x) , T(y)} = - (2W8 + dW) x ■ 8(x - y) 

{W(x),W(y)}=(^TdT) x .5(x-y) 



It was shown in [1] that these classical W-algebras also appear as Poisson structures in 
the commutative limit of the ring of pseudodifferential operators in one dimension. It was 
precisely this relationship which allowed two of the present authors to generalize this con- 
struction to higher dimensions. Nevertheless, one crucial point was missing in [2]. Although 
conjectured, it was not proven that these algebras are extensions of higher dimensional diffeo- 
morphisms algebras. We will show in what follows that this is indeed the case, and therefore 
that these new algebraic structures fully deserve their name. 

Before getting into more technical matters, we would like to point out that these classical 
W-algebras provide hamiltonian structures for dispersionless KP-type hierarchies [2] . In one 
dimension these hierarchies play a fundamental role in the planar limit of non-critical string 
theory with c < 1, as well as in topological models. It is our hope that these new structures 
will come into play in the higher dimensional descriptions of these physical problems. We 
believe that the integrability of the associated hierarchies as well as the relationship to 
diffeomorphism algebras, support (though weakly) our expectations. 

In what follows we have tried to avoid, as much as possible, to get into too technical a 
description of the subject. We refer anyone who wishes a detailed analysis of the general 
formalism to [2] and references therein. 

The recipe 

The natural arena for the construction of higher dimensional classical W-algebras is 
provided by a phase space Y 2D with coordinates (x\^i) with i = 1, •••,£), and canonical 
Poisson bracket given by 



{/,<?} 



df dg df dg 



d£i dx % 
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dx l d£i 



(1) 



From now on we will restrict ourselves to homogeneous functions on Y , where the 
degree of homogeneity is defined as follows: a function is said to be of degree n if under the 
rescaling ^ — > t£j V i — 1, • • • , D 

/!•'•'• i;) •./•(.<•''•/;;) /"./V.-). 



Let us now define the symplectic trace [3] [4] as follows 

Trf = J dx D dn i 



if / is of degree — D and zero otherwise. d£l^ stands for the standard measure of the D — 1 
sphere in the £ coordinates. The notation is justified because of the "trace" property 1 

Tr {/,<?} = 0. 



With this machinery it is now simple to construct the analogs of the classical V4^-algebras 
in arbitrary dimension. Let us define the formal generating functional 

oo 

where m > 0, £ = an d the L^-'s are homogeneous functions of degree m — j. 

Therefore A can be rewriten as 

oo 

with 0£ denoting the angular coordinates associated with the £j. The Poisson brackets 
among the w's are defined via the generalized classical Adler map J (defined below) and 
linear functionals on A. The latter are given by 

Fx = TrXA. (2) 

It is obvious from this and the properties of the trace, that the most general X defining a 
nontrivial functional is of the form 

oo 



We can now define the "Gel'fand-Dickey" brackets by 

{Fx , F z } gv = Tr J(X)Z, (3) 

1 We are assuming here that our x-space is compact or, equivalently, that our type of 
functions decay fast enough at infinity. 
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with 

J(X) = -{A,X} Q A + {A, (AX)_}, (4) 

where the subscripts stand for the following projections, if Q = Ylkel ^ with q^ a homoge- 
neous functions of degree k, then 

Q_ = ^2q k and Q e = ^ Qk- 

k<0 k<-D-l 

We also define Q+ = Q — Q- and = Q — Qq- Notice by the way that the + (— ) projection 
is the dual, with respect to the symplectic trace, of the (©) projection. Moreover, the + 
and — projections are subalgebras with respect the canonical Poisson bracket defined by (1). 
This comes out because, as the reader can easily check, if the functions / and g have degrees 
p and q respectively then {/ , g} has degree p + q — 1. We would like to remark that our + 
splitting differs from the usual one because we are excluding from it the components of zero 
degree. This is required in D > 1 if we want to preserve the subalgebra property described 
above. 

Because of its definition, and the grading properties of the the canonical Poisson bracket, 
J(X) is bound to have the following form: 

oo 

j(x) = Y i (j ij .x j )r- i , (5) 

where Jy is a differential operator with coefficients that are at most quadratic in the w's and 
their derivatives. This together with (2) and (3) imply 

{ Ui {x\ 6$ , Uj (y\ 9^)} gv = -Jij ■ 5 D (x - y)5(Q - Of), (6) 

with 5(Q — Q 1 ) the delta function associated with the standard measure in S ^ 1 . 

Although far from obvious, it is a main result of [2] that these brackets define full fledged 
Poisson brackets. 

It is posible to deform the generalized classical Adler map by A — > A + A, with A an 
arbitrary constant, and obtain two different Poisson structures. Explicitely 

J(X) -> J( 2 )(X) + AJ«(X). (7) 

where 

JW(X) = J(X) 

J( 1 \X) = -{A,X} Q + {A,X-}. 

The two Poisson stuctures induced by j( 2 ) and are said to be coordinated since any linear 
combination of them is still a Poisson bracket. For "perverse" historical reasons they are 
commonly known as the "second" and "first Gel'fand-Dickey brackets" respectively. Notice 
that, by construction, the first structure induces brackets which are linear in the Uj's. 
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The algebraic structures that we are interested in are only going to appear after imposing 
certain constraints in the form of the operator A. Explicitely, we are going to set u\ — • • ■ — 
ud = for the second structure, and u\ = • • ■ = u m+ u = 0, where m is the leading order in 
A, for the first structure. 

The constraint on j( 2 ) is second class, and its implementation follows Dirac's prescrip- 
tion, which in this particular case reads 

D 

J%j > Jij ~~ ^ 1 JinJ n mJrnj V ij > D 
m,n=l 

where J -1 is the inverse of the D x D matrix with entries given by the J nm in (5) and 
1 < n, m < D. It is worth pointing out that in spite of potential non-localities, because of 
the term in J -1 , the resulting Poisson brackets are local, as a straigthforward computation 
shows. 

The constraint on J^ 1 ) is much more easily implemented by noticing that the Poisson 
brackets of the ufs with j > m + D and the constraints are zero weakly, i.e. after imposing 
the constraints. Therefore in this case 

J«^-{A,X + } Q . (9) 
Notice that after the reduction the linear part of is given by 

4Lr = - i A > x h r + {r , (Axrw , (10) 

which can be seen to be isomorphic to (9) under the map A — > A£~ m . Another important fact 
is that, upon the imposition of the constraints in the second structure, the Poisson brackets 
involving the field U£>+\ with any other of the ufs are directly linear, therefore isomorphic to 
the ones obtained using the first structure after the relabeling that maps uj — > uj- m . This is 
a crucial feature which drastically simplifies the explicit construction of the diffeomorphism 
subalgebra from the second Gel'fand-Dickey brackets. 

The D = 1 and D = 2 Poisson brackets defined by (6) were explicitely computed in [2] 
and we now briefly describe their main features. 

For D = 1 and m = 1 the second structure 2 coincides with a limit n — > oo of the classical 
w n algebras after setting the constraint u\ = 0. We would like to stress that this limit is 
intrisically non-linear and therefore non-isomorphic to the standard Woo. However, the first 
structure, after imposing the constraint u\ = U2 = turns out to be exactly Wqo, as expected. 

For D = 2 it was shown that there is a subalgebra isomorphic to the algebra of diffeo- 
morphisms in two dimensions. This subalgebra plays an analogue role to the one of Virasoro 
in the one dimensional case. Moreover, it was shown that the first structure has a subalgebra 
generated by symmetric tensor-one-densities that offers a natural generalization of in 
two dimensions [5], and is related to the Schouten bracket. In what follows we will show 
that this lower dimensional properties extend for arbitrary dimension D. 

2 It can be shown using the techniques developed in [1] that for any D the second structure 
is isomorphic for all values of m ^ 0, while the first can be shown to be independent of m 
by explicit computation. 
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The algebra of diffeomorphisms 



Let us begin by recalling some simple facts about diffeomorphisms. In local coordinates 
infinitesimal diffeomorphims are defined through the map x^ — > x^ + ef fi (x). The algebra 
generated by these transformations is isomorphic to the algebra of vector fields / = f fJj (x)d fJi , 



i.e. 



f,9 = - gtW))^. 



(11) 



In a field theory invariant under diffeomorphisms the above algebra will be implemented 
via Poisson brackets 3 , i.e. there must be a Lie algebra homomorphism given by 



f = f»(x)d^Q f = J d D xr(x)P f ,(x). 
where the P^ are the generators of infinitesimal diffeomorphisms and such that 

{Qf> Qs} r - = Q 



PB 



[/,<?] 



(12) 



(13) 



For the left hand side of (13) we get 

{ Q f ' Q $} PB = j d ° x S d ° y nx)gU{y) {p ^ x) ' p »Wpb ( 14 ) 

whereas for the right hand side, because of (11), we should get 

Q [/>3] = f d D x(F(d,gn - g^r))(x)P„(x). (15) 

Equating both sides we obtain 4 

{P^x) , P„(y)} PB = (Pvdp + d v P^) x ■ 5(x - y). (16) 

Notice that for dimension one (16) is, up to an irrelevant global sign, nothing but the 
centerless Virasoro algebra. 

3 Strictly speaking, in classical field theory only spatial diffeomorphisms will be represented 
via Poisson brackets in this way. The splitting between spatial and time coordinates required 
in the canonical formalism is obviously not invariant under arbitrary diffeomorphisms and, 
moreover, requires the introduction of a metric. Consequently the Poisson brackets among 
spatial and timelike diffeomorphisms have, in general, an explicit dependence on the metric. 
In this sense D should be considered the dimension of the spacelike coordinates. Nevertheless, 
this should not concern us for the abstract manipulations that follow. 

4 We are only considering, as is usually the case, diffeomorphisms with compact support, 
so boundary terms can be consistently neglected. 
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Let us first show how to obtain (16) from the first Gel'fand -Dickey bracket. After the 
reduction of setting the first m + D fields equal to zero, the brackets are obtained from (3) 
with jW given in (9). To the vector field / we associate the linear functional Qj 

f = f»(x)dr -> Q f = -Tr /%, A. (17) 
Comparing (17) with (12) we obtain 

Pfi(x) = - J d£l{ £pUD+m+i(x,9t). (18) 

Moreover from (2) it follows that Qf= Fx f with Xf = — Therefore 

{ g /' g 4lp = Trj(1)(X ^ 

= Tr {/%,, A} Q g»(x)£ v 

= Tr{/%,, A} gr(x)£ v (19) 
= -Tr {f^jH} A 

-^(/"(W-^f)) A 

This implies, as before, that the first Gel'fand-Dickey brackets of the defined by (18) 
reproduce the algebra of generators of infinitesimal diffeomorphisms in D dimensions. 

Furthermore, we can extend the map defined by (17) to symmetric contravariant tensors 
of higher rank. Under diffeomorphisms, a rank r contravariant symmetric tensor transforms 
infinitesimally with the Lie derivative y^i,-,/^ _> j^i-Mr _|_ e(jCjT) tll -^ r , where 

(CfY 1 -^ = f u (duT^-^) - r r".(Mi-Mr-i dj,/^), (20) 

and the brackets on the superindices stand for symmetrization. 
Let us therefore define the associated functional in the form: 

T - Q T = -Tr T^"^...^ A. (21) 
An easy computation parallel to the one in (19) yields 

{Q f , Q T f^ = Qc r T- (22) 
Moreover, if we define Qr via the components of a contravariant tensor of order s, 



{QR , Qt}q V = Q[R,T] S , 
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(23) 



where [R, T]$ stand for the symmetric Schouten bracket [6], which in a coordinate basis 
reads 

This implies, as before, that if we define 

...^ = - J d fy ■ ■■^r u D+m+r (24). 
the first Gel'fand-Dickey bracket among the P's define a closed subalgebra given by 

r 

{PfJ,l...flr( X ) 1 P)J-r+l—Hr+ S (y)}gT> = ( ^] ^1 ■■ Aj -P-r -Hr+3 + 

(25) 

where the subindex with a hat is omitted. In particular, the above equation implies that 
Pfii...fi s transforms under diffeomorphisms as a s-covariant symmetric tensorial one-density. 

The analysis of the second Poisson structure simplifies considerably if we make use of 
the isomorphism Uj — > Wj_ m between the linear part of and mentioned in (10). One 
can see with little effort that the second Gel'fand-Dickey bracket involving the first nonzero 
field, ud+i, and any other higher field «i>D+i is linear. Henceforth, we already know the 
expression for all these brackets invoking the above mentioned isomorphism: 

{uD+m+l , u D+rn+k}gx> ~^ { u D+l , u D+k}gx> ■ 

Therefore, the key properties (19) and (22) still hold for the second Gel'fand-Dickey brackets, 
whereas for (23) this is not the case due to the quadratic terms involved. 

Summarizing, we have unraveled a set of similarities among the higher dimensional 
classical W-algebras constructed in [2] and the standard one-dimensional algebras of the 
type. We have shown explicitly how to construct a finitely generated subalgebra isomorphic 
to the algebra of diffeomorphisms in D-dimensions, therefore these new structures can be 
naturally understood as extensions of the symmetry algebra for generally covariant theories. 
Moreover, we have also shown that there is an infinite tower of fields P^...^ transforming 
as A;-covariant one-densities. Nevertheless, as expected, there are some relevant differences 
between the one and higher dimensional case. The most important one is that, as was 
explicitly shown in [2], there are also fields transforming as infinite dimensional reps, of 
the diffeomorphism subalgebra. Here, we should clearly distinguish between the first and 
second Gel'fand-Dickey brackets. Whilst in the first the P^...^ form a closed subalgebra 
which naturally generalize to higher dimensions [5] , in the second bracket this is not the 
case. It is not clear to us at this point if these extra fields are intrinsically necessary for the 
closure of the nonlinear algebra, or if they can be wiped out by some suitable hamiltonian 
reduction. Another important difference lies in the difficulty in constructing an analog of 
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w n in higher dimensions. This should be reminiscent of the work in [7] , where it was shown 
that one way to construct consistent theories involving higher spin gauge fields is through the 
introduction of an infinite number of fields with all possible spins. However, this remark must 
be taken with due care, since our algebras represent Hamiltonian structures, and therefore 
should rather be related to the spatial part of diffeomorphism invariant field theories, such 
as for example canonical gravity. Yet the fact that these infinite dimensional algebras arise 
as hamiltonian structures of integrable systems, points in the direction of an algebraical, or 
conformal-field-theory-like approach, in the search for the quantization of those theories. 
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